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Using asymptotic expansion and numerical analysis, we demonstrate how the step-re-
sponse ignition time of an automobile catalytic converter depends on the ratio of the
reaction rate to the interphase heat-transfer rate, as measured by a key Damkoéhier
parameter x and the degree of monolith subcooling n. In the region of low reaction rate
at small x, the normalized ignition time t;, scaled by the homogeneous ignition time t7,,
from the inlet gas temperature is (t,,/t5,) = 1+ 2x "V ?|In( x 7%/ 29)|” ’ and the ignition
takes place at a thermal front deep in the monolith. At large x when the reaction rate is
high, ignition occurs at the leading edge of the monolith with (t,,/t,) = 2.50 + x(In
1 — 0.34). The delay in ignition time with increasing x is due to a Taylor-Aris disper-
sion mechanism induced by interphase heat transfer. Although the small- x ignition
mechanism is faster, its downstream ignition location leads to a very slow upstream
propagation of the thermal front that follows ignition. An optimal converter system that
ignites in 13 s, 25% of the current value in a standard step-response test, is then de-
signed by placing a small igniter, which ignites by the small- x mechanism, upstream to
preheat the current converter which then ignites by the large- y mechanism. The length
of the igniter is kept small by bypassing 2/3 of the exhaust since, from our theory, t;, is
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independent of the gas velocity.

Introduction

Approximately 50% of hydrocarbon and CQO emissions
from a light-duty automobile on an average journey occur
during the “cold-start” period of about 1 min when the cold
converter ignites (lights off). More stringent emission stan-
dards have rendered this performance unacceptable (Leven-
ton, 1993) and there is an urgent need to develop fast-ignit-
ing catalytic converters in the next decade. The current ce-
ramic monolith converter with its high efficiency under steady
conditions must be redesigned to improve its startup per-
formance. Several new designs have been proposed by Corn-
ing Inc. (Gulati et al.,, 1990), W. R. Grace & Co. (Whitten-
berger and Kubsh, 1991), Allied Signal and others (Leventon,
1993}. In these new designs, the ceramic monolith converter
is replaced by a metal converter with the hope of improving
its heating characteristics with higher solid thermal diffusivity
and lower solid thermal capacitance. However, in all these
designs, it is found that the metal monoliths must still be
heated at the front by a battery-driven electrical heater to
significantly reduce the ignition time. The need for a new
battery or an additional load on the existing battery still ren-
ders these new designs rather unattractive. There is also con-
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cern about the durability of the metal substrates (Gulati et
al., 1990).

Current understanding of how the catalytic converter ig-
nites has mostly been derived empirically or from numerical
experiments (Heck et al., 1976; Young and Finlayson, 1976;
Lee and Aris, 1977; Oh and Cavendish, 1982, 1983; Flytzani-
Stephanopoulos et al., 1986; Zygourakis, 1989; Please et al.,
1994). Oh and Cavendish of the General Motors Research
Laboratories have dcveloped a detailed numerical model and
selected a set of bench mark conditions for the simulations
(Oh and Cavendish, 1982, 1983). While these conditions do
not correspond exactly to a current commercial converter (Oh
et al., 1993), they represent a convenient base case to under-
stand the underlying mechanisms. We shall refer to them as
the “standard conditions” and adopt them for our purpose.
They find that, without preheating, the standard converter
ignites in about 46 s in a specific step-change experiment.
They also find that this ignition time can be reduced signifi-
cantly by preheating the exhaust from the standard 600 to
700 K, by reducing the cell density, by reducing the gas flow,
by concentrating the catalyst loading at the front and by re-
ducing CO poisoning with a lower CO concentration. Little
improvement is found by increasing solid thermal diffusivity
and unacceptable steady performance results when the
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monolith length is reduced. Of the factors that are found to
reduce the ignition time, it is unrealistic to remove CO from
the exhaust or to reduce the gas flow. Varying the catalyst
loading along the monolith would also be technically difficult.
The effects of the cell density, which is a good design param-
eter, are quite complex. Decreasing cell density decreases the
ignition time without preheating but increases the ignition
time when the gas exhaust is preheated to 700 K. Oh and
Cavendish attribute these opposite trends to a competition
between the effects of gas/solid heat transfer and the solid
heat capacity that is not fully understood. Based on the re-
sults of these simulations it seems likely that the only viable
option for reduction in the ignition time is to preheat the
converter. Indeed, this is the basis of many new converters,
although some of them may not be optimally designed be-
cause of our imprecise understanding of the effects of gas
flow, solid thermal diffusivity, heat capacity and porosity (cell
density).

The highly exothermic oxidation reactions with high activa-
tion energies in a converter are very similar to explosive or
combustive reactions. This is why there is such a clear instant
of ignition when the solid temperature, after being heated
from the initial cold temperature, lights off from about 600 K
of the exhaust to an adiabatic temperature of about 900 K
almost instantaneously at a specific location in the converter.
This explosive ignition phenomenon allows us to greatly sim-
plify the analysis of this complex behavior by reducing the
kinetics to a simple zeroth-order Frank-Kamenetskii form via
high-activation energy asymptotics. Because the channels in
the monolith are straight to reduce pressure drop, the trans-
port problem is also considerably simpler than a packed bed.
In particular, the all-important thermal communication be-
tween the solid substrate and the gas phase and the convec-
tive heat flux in the gas phase can be reduced into an effec-
tive dispersion mechanism akin to the classical Taylor-Aris
dispersion (Taylor, 1933; Aris, 1959). Here, we carry out the
asymptotics using Center Manifold Theory for effective dis-
persion (Roberts, 1989; Balakotaiah and Chang, 1994). With
these simplifications, we are able to obtain closed-form ex-
pressions for the ignition time in the limits of fast and slow
reaction rates relative to the interphase heat-transfer rate
which cover the range of current and future converters. These
rigorously derived design equations are verified numerically
and by comparison to the more complete numerical data of
Oh and Cavendish. The ignition phenomena in these two lim-
its are very distinct and their different physical mechanisms
which arise from a complex interplay of thermal convection,
gas/solid interaction, reaction and preheating are revealed in
our analysis. The quantitative accuracy of our design equa-
tions also permits us to improve the performance of the stan-
dard converter by designing an igniter that is capable of light-
ing off the entire system in about 13 s without recourse to
electric heating. The short igniter (one-fifth the length of the
converter) introduces little additional pressure drop and can
be constructed from a low thermal capacitance ceramic sub-
strate with high (three times) but uniform catalyst loading. It
hence has several advantages over electrically heated metal
monoliths and still reduces the emissions during the crucial
cold-start minute by 75%. This is consistent with current in-
dustrial research in this direction which has shown significant
reduction in the converter light off time.
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Fast-lgnition Theory

As in fast combustions and explosions (Zeldovich et al,,
1985), the high activation energies of the oxidation reactions
in a catalytic converter imply that the reaction rate is very
sensitive to a temperature increase. The incremental temper-
ature required to increase the rate by a factor of e is known
as the Frank-Kamenetskii temperature 8~! and under the
standard conditions of Table 1 from Oh and Cavendish, 87!
~39.5 K, as we shall subsequently derive. This small 8!
indicates that ignition is a very rapid process such that before
ignition and during the short ignition period, the reactant
consumption 1s negligible. It permits us to ignore the complex
kinetics for the hydrocarbons, NO, CO, O,, H, and so on,
and focus only on the thermal evolution that leads to igni-
tion. This standard approximation in combustion theory,
which sets all reactant concentrations to the feed conditions
C ;“ of Table 1, can be rigorously justified (Kasoy and Lifan,
1978). For a catalytic converter, additional consideration is
necessary before we can use the inlet concentrations in all
our thermal dynamics. The gas reactants adsorb onto a thin
coating of catalytic material where appreciable reaction takes
place if the solid temperature is sufficiently high. The gas
temperature, on the other hand, must heat up the entire
monolith and not just the catalytic coating. The relatively
small solid capacitance for the reactants implies that the sur-
face concentration equilibrates with the gas phase much more
rapidly than the surface temperature. If there is little con-
sumption by reaction, as is the case prior to ignition, the local
surface concentration can then be assumed to be equal to the
local gas-phase concentration after proper correction for the
area/volume factors. Also because the mass capacitance is so
much lower than the heat capacitance, the concentration
fronts that are established at the leading edge of the mono-
lith when it is first exposed to the exhaust travel through the
channels at a velocity close to the average gas velocity U in
the channels. In contrast, we shall show that the thermal front
travels with a far smaller (by three orders of magnitude) ve-
locity Uy due to the large thermal capacitance. As a result,
as far as the thermal dynamics is concerned, the concentra-
tion fronts have long passed through the channels and the
gas and surface concentrations have all equilibrated to the
inlet values since the solid temperature is still too low to con-
sume an appreciable fraction of the reactants. These zero
consumption and fast gas/solid concentration equilibration
approximations reduce the complex kinetics to an effective
zeroth-order reaction in the thermal balance equation for the
solid

aT
2aralr( pcp)s—aTS =27al(T, - T)

5 .
+Qmadr+ma®) Y (= AH)R(CPT) (1)

i=1

where, as Oh and Cavendish have done, we have approxi-
mated the square channels of the monolith by cylindrical ones
with radius a. We have also adopted their convention of ex-
pressing the reaction rate in a per volume monolith basis such
that the feed concentrations can be used directly. In the Ap-
pendix, we show that the proper heat-transfer coefficient £
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Table 1. Standard Condition*

W=40g/s (pc,), =63x10" “J/Kcm‘
U=1.68%x10" cm/s (pc, ) =2.678 I/K-cm?
L=10cm k, L47x10" 4 I/K-s-cm
€ = (.6836 a =0.74 cm /s
Az =0.013 cm o, f—62%10" 3 em%ss
a= R, =006062 cm cif—]650m/
T2 =300K y =2.0x%x10°
T'“ 600 K x =013
Lo = 0.86 cm /5 A=196
77 7.59 B =0.0253
lg =17.1s n=46.5 cells/cm’
L, =1324cm L.=147cm
A, =60cm’
2% CO
450 ppm C,H
50 ppm CH,
G =\ 0.667% H,
5% O,
550 ppm NO

*Kinetics and hecats of rcaction are given in Oh and Cavendish (1982,
1983),

for laminar Poiseuille flow in a cylinder should be derived by
imposing a constant heat flux at the wall, such that

4 a,(pcy), ( v )
T a 1+

This is true when the solid wall is thin and when the heat
capacity ratio
1—€ )
€

is large which are very good assumptions for a catalytic con-
verter (see Table 1). The parameter e in Eq. 3 is the mono-
lith void fraction. A heat-transfer coefficient formulation al-
lows us to ignore the details of the flow and heat transfer in
the radial direction and use a pseudo-one-dimensional model,
such as Eq. 1, instead. As is demonstrated in Appendix 1, for
large y the exact geometry of the solid walls has little effect
on the heat-transfer process. Rather, the only significant ef-
fect is the ratio of the total solid heat capacity to that of the
gas, which is captured in the parameter y. This is why ap-
proximating the actual geometry, which may be quite com-
plex in the case of metal monoliths, with a cylindrical channel
is so robust.

The indices i in Eq. 1 refer to CO, C;H¢, CH,, H, and
O,, respectively. Using the kinetic parameters in Oh and
Cavendish (1982, 1983), we are able to fit the zeroth-order
kinetics by

(2)

2malr(pc,), B (pc,);

= 3
o 3)

LT pc,),

5
(- SHIR(CPT) ~ ek 10)

i=1

4

where the exponents have essentially been expanded about
the gas inlet temperature of 7T, =600 K to yield A =196
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Figure 1. Zeroth-order kinetics expression (----),

Ae BT:-T) ys. full heat release rate (—),
35 (- AH)R (Cy, T,), at standard feed con-
ditions.

J/s-em® and an inverse Frank-Kamenetskii temperaturc of
B =0.0253 K~'. As shown in Figure 1, approximation Eq. 4,
which will greatly simplify our analysis, is within 20% in the
range of 600 to 725 K. Actually, for ignition from 600 K, the
kinetics only needs to be accurate up to 679 K when the reac-
tion rate is ¢ times the initial. The estimate in Eq. 4 is within
10% for this important range. Beyond 725 K, the reaction is
so rapid that an accurate estimate of the Kinetics is unneces-
sary if one is only interested in the ignition phenomenon. We
have also neglected thermal diffusivity in Eq. 1, which will be
subsequently justified.

With these simplifications, the pertinent thermal balance
equations for the gas and solid phases are

wa*(pe,), 9T, i = -
pep +U 2mah(T,—T,) (5

2maAr(pc, ) =2mwah(T, - T))
+Q2maAr + wa®) Ae P71 (6)
with initial and boundary conditions
T(x0)=T(x,00=T" x>0 @)
T,00=T" 120 (8)

It is instructive to define certain characteristic lengths and
times to nondimensionalize and simplify the above equations.
We use the limit of infinitely fast interphase communication
as the reference point. In this limit, the convection and accu-
mulation terms are negligible compared to the interphase
transport term in both Egs. 5 and 6. As a result, T, ~ T, as
the two temperatures equilibrate rapidly. This then allows us
to combine both equations in this limit to yield
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Figure 2. Ignition of the solid and gas temperatures in
the limit of infinite interphase communication.

Blowup occurs at x = L, when (1/#{;)=1. The profiles at
(i/3)= 0.5 and 0.75 are also shown.

oT, aT, Qmalr +ma*) APTTH ()
—— + —_—— i ———— e 5T
at Tox  (1+y)ma( pe,), ¢ :
where
U g 10
eff — 1+,y

is the familiar thermal wave speed analogous to the concen-
tration wave speed in high-affinity chromatography theory
(Amundson and Aris, 1973). Due to the large heat capacity of
the monolith, the wave speed is much slower than the aver-
age velocity U of the gas phase. The gas velocity is given by
U=W/A_ ep, where € is porosity, W is the mass-flow rate,
A, is the frontal area of the converter and p, is the gas den-
sity. Hence, a thermal shock wave shown in Figure 2 is estab-
lished by the initial and boundary conditions of Eqs. 7 and 8
and it propagates downstream at the speed of Uy in the
limit of infinitely fast interphase interaction. Immediately be-
hind the shock, the temperature evolution of a point moving
with speed U,y is given by

e BT T
— an
dt Bt

where

. U+yma*(pc,), (U+y)elpc,),

fie = Quadr+ma?)AB AB
ve(pc,), N (1= e pc,);
~ Y B at large y (12)

Equation 11 essentially describes the temperature evolution
of a monolith with spatially uniform temperature distribution
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which begins at T?. The ignition time t;, will be called the
homogeneous ignition time. A simple integration of Eq. 8
yields the behavior of Figure 2 which shows that 7, of a
monolith with infinite interphase communication also blows
up in finite time at £;. This blowup to infinity is the ignition
phenomenon of interest, and it occurs because of our
zeroth-order kinetic simplification. In a real converter, finite
reactant consumption will arrest the temperature blowup and,
from Oh and Cavendish’s numerical experiment, saturate it
at the adiabatic temperature rise of 300 K (7, =7, =900 K
for 7," =600 K for the standard conditions in Table 1). Our
model hence breaks down after the ignition, but it provides a
good estimate of the ignition time. In this limit of infinite
interphase interaction, the ignition occurs at the ignition
length

L.=Ugty (13)

The objective of our theory is to show how the ignition ¢,

increases from ¢ as the thermal communication between the
phases decreases. In the limit of strong but finite interphase
communication or slow reaction rate we shall show in the
next section that the sharp front of Figure 2 is smoothed by
an effective Taylor-Aris dispersion phenomenon due to im-
perfect communication, and the associated effective thermal

diffusivity is given by

B ma*(pc,), y? U2 11 U%?
et 2mrah 1+

fory > 1

eff ™ g
48 a,

(14)

Under the standard conditions of Table 1, this apparent dis-
persion is a4 = 1.65 cm?/s which is significantly larger than
the typical solid thermal diffusivity 6.2x 107 % of a ceramic
monolith or even 0.6 cm?/s of a metal monolith (Gulati et al.,
1990). This shows that solid thermal diffusivity is unimpor-
tant in the ignition phenomenon and can be safely omitted.

Using e without fully understanding its origin for now,
we define the key dimensionless parameter y of the prob-
lem:

Regf
X="5=
Ussetsy

(15

which measures the ratio of axial dispersion to axial convec-
tion during the characteristic time for ignition ;. Since the
distance the thermal front propagates into the monolith prior
to ignition scales as Uy 7, while the length scale for disper-
sion scales as ( aefftf;)‘/z, the importance of dispersion de-
creases with increasing £;. Thus, a high reaction rate (small
tiz) actually increases the importance of axial dispersion in
delaying the ignition. An alternative interpretation for the
parameter y may be obtained if we substitute the expres-
sions for Uy, t, and a4 at large y (Egs. 10, 12, and 14)
into Eq. 15,

AB 11 &°

X=— = —

€ 48 kg (16)

fory>1
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from which it is seen that y may be regarded as a modified
group 1V Damkéhler number, the ratio of the reaction rate
to radial diffusion through the gas phase. We note that since
o scales as U?, x Is independent of U. One can actually
reduce the gas velocity to reduce the length of the converter
without changing the ignition time! This observation will be-
come important in our design of a better converter.

Let 1, = o, /U3 = 1;; x be the characteristic timescale and
x. = ay /Uy = L, x the characteristic length scale which re-
sult between a balance of dispersion and convectiorr and let
u=B(T, — T,;") and v = B(T, — T,") be the dimensionless gas
and solid temperatures, respectively. The original thermal
Egs. 5 and 6 and conditions 7 and 8 can be scaled to:

1 ou Ju
——t—=p-—u an
y dr  dy
qu
—=u—u+ ye' (18)
aT

u(y,0)=uv(y0)=—n y=0 19)
w(0,7)=0 720 0

in the limit of large y where

n=B(T,"~T1")>0 (21)
y=ux/x,=x/L.x) (22)
T=/t =/t X) (23)

There are hence 3 parameters in the system: vy, xy and 7.
However, since the solid thermal capacity is so much larger
than that of gas (y > 1), the term of O(y~") will be shown
subsequently to be negligible. Note, however, the remaining
two parameters are still functions of y as y approaches infin-
ity due to the dependence of &, agy and Uy on y. The
parameter 7 measures the degree of preheating or subcool-
ing (the difference between inlet gas temperature and cold
substrate temperature) normalized by the Frank-Kamenetskii
temperature 37! Values of y and 7 for the standard con-
verter are listed in Table 1.

Slow Reaction Limit ( X < 1)

In the limit of slow reaction, we shall derive the proper
equation that describes the Taylor-Aris dispersion that arises
due to imperfect heat transfer between the phases. In the
classical Taylor-Aris dispersion of a solute, the dispersion
arises because finite radial diffusion in a pipe lands different
particles at the same axial position on streamlines with differ-
ent speeds and, hence, after some initial transient, there is a
net axial separation of the solute particles that can be de-
scribed by an effective diffusion process. An interesting as-
pect of this apparent axial dispersion process due to a cou-
pling between radial diffusion and axial velocity gradient is
that it decreases with increasing radial diffusion and in-
creascs with increasing axial flow. The former smooths the
radial concentration gradient while the latter increases it. In
quantitative terms, the effective dispersion scales as the
square of the Peclet number (Taylor, 1953).
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In the present converter problem, effective axial solute dis-
persion of the classical problem is replaced by thermal dis-
persion. The large heat capacity of the stationary phase (large
v) leads to the axial dispersion being dominated by the dif-
ference in velocity between the mobile gas and stationary wall
rather than any velocity gradient in the gas phase. If inter-
phase heat transfer is not strong enough, this velocity differ-
ence establishes a normal thermal gradient which, in turn,
introduces an effective thermal dispersion in the axial direc-
tion. Another physical visualization is to consider this mecha-
nism to arise because the solid temperature does not equili-
brate instantaneously with the gas temperature, such that the
solid thermal shock lags behind the gas shock. This inter-
phase gradient causes a smoothing of the shock structures in
both phases that resembles an apparent axial diffusion
smoothing. It is this Taylor-Aris smoothing that reduces the
thermal front temperature and delays the ignition process.
We shall rigorously derive the thermal dispersion mechanism
here and estimate its effect on the ignition time in the limit
of small y. The Taylor-Aris dispersion mechanism exists for
all values of y and, in fact, a relative order between y and y
does not need to be specified. However, the heat capacity
ratio y of a catalytic converter is large and this results in a
simpler effective equation that describes the dispersion.

The relaxation time of the gas-phase temperature is of or-
der 7 ~+y~! from Eq. 17 and the solid thermal time scale of
order unity from Eq. 18. Since Taylor-Aris dispersion is es-
tablished when the temperatures of both phases are equili-
brated, it makes sense to define a new time scale 6 =yr in
this limit of slow reaction such that the equilibration occurs
within unit order in 6. In the limit of small y, dispersion is
weak and the characteristic length for ignition to occur is
simply L., = Uy t;, of Eq. 13. Hence, a new spatial coordinate
z= xy = x/L. should be defined in this limit. The new char-
acteristic time £ x/y and length L, used here for the weak
dispersion limit, when convection and recaction balance, then
replaces ¢, and L, y in Egs. 17 and 18 when dispersion and
convection balance. In the new variables, Egs. 17 and 18 be-
come

du ou

90 UG 29
v 1 X,
'55=-y-(u—v)+;e (25)

which can be rewritten as

J L ou
- ol I Texl oz e
v Ly =1p])1\0 ve’

The last vector contains small terms in the region when Tay-
lor-Aris dispersion has developed. A similarity transform

-6y
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w, 0 0
N I 1
a6 |w,| "0 —1-=
Y
1 ow, 1 aw, 1
—_— e ——— __ er_WW
1+y 9z 1+y dz 1+y
X P @n
Y dwy Y Iw, 1
-—+ eWI‘WZ/Y

—_—
1+y dz 1+vy 9z 1+y

In this form, it is clear that w, = yA1+ v) (u — v) decays very
rapidly in the time with a decay rate of approximately —1,
the characteristic time for the temperatures to equilibrate. In
fact, a vanishingly small w, corresponds to perfect equilibra-
tion between the solid and gas temperatures u —v=w, =0.
We are, in fact, interested in the case when w, does not van-
ish completely, viz. when the interphase communication is
imperfect. One can use the Center Manifold Theory (Bal-
akotaiah and Chang, 1994; Roberts, 1989) to resolve this limit.
In Eq. 27, the terms in the final bracket are of order y. Hence,
to leading order, the dynamics of w,; and w, are associated
with eigenvalues of zero and — 1, respectively. As time 6 ad-
vances to unit order, w, is small relative to w, but its evolu-
tion is much faster than that of w;. This asymptotic evolution
of w, is “adiabatically” coupled to w, through the second
equation in Eq. 27. This coupling can be obtained through
the Center Manifold Theory or simply by invoking a standard
quasi-steady-state approximation on the w, equation in Eq.
27. The result to leading order is

YZX Iw,

- (28)
(1+y) 92

~

where the dw,/dz and the reaction term in the equation do
not contribute to this leading order expression. Substituting
this expression into the first equation in Eq. 27, one obtains
the following effective reaction-convection diffusion equation

(72w1 X
1+y

aw,  x dw, X

eI - "y (29)
9 1+y dz  (1+y) 9727

where w,=u/Al+y)+[yA1+y)lv is capacitance-weighted
average temperature between the phases. It is this average
temperature that is described by an effective reaction-con-
vection-diffusion equation. It is clear that, regardless of the
value of y, convection balances with reaction in this small y
limit and dispersion enters in the next order. In the limit of
large y for a catalytic converter, w, ~ v is simply the solid
temperature and Eq. 29 reduces to

v Jv X
——+-{—=———+—e“ (30)
a0 ¥

If the higher-order dispersing term is neglected, one obtains
in terms of the original variables

Jdv  Jdu
+— = ye’

— 3D
ar  dy
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Figure 3. Solid temperature distribution when y = 0.01
is small but nonzero and n = 7.59.
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The distribution is at (¢/13;) = 1. Comparing to Figure 2, one
sees that the sharp front at the Lagrangian coordinate of
y =10 has been smoothed and a thermal diffusion boundary
layer appears.

which is simply a dimensionless version of Eq. 9. From this
dispersionless leading-order version, which corresponds to in-
finitely fast heat transfer, the initial conditions 19 stipulate
that a square shock wave with unit speed traverses the con-
verter, as shown in Figure 2. A point immediately behind the
shock, which has remained in the converter longer than any
other point in the elevated portion of the shock, ignites first
at t;, =t or T{; = x ! in the original dimensionless variable.
However, Eq. 30 indicates that with the apparent Taylor-Aris
dispersion term, the shock will be smoothed and the ignition
time delayed. This delayed ignition is described by Eq. 30 or,
in the original variables:

dv  dv 9% )
— 4+ —=—+ xe
gt ay ay? X

32)
and we shall use this equation to study how the ignition time
is delayed from 7{;= x~' due to dispersion at this small x
limit.

The unit dispersion coefficient in the new-found dispersion
term of Eq. 32 indicates that «.4 in Eq. 14 is the correct
dispersion coefficient for the solid temperature that results
due to imperfect interphase communication. The appearance
of a second-order derivative in y necessitates conditions other
than Eq. 19 which will be discussed subsequently. It is, how-
ever, important to emphasize that the origin of this apparent
dispersion term is due to coupling between imperfect inter-
phase communication and the gradient between the gas and
solid convection velocities. As such, the upstream thermal
feedback implied in the diffusion term is completely artifi-
cial. A pulse of temperature will not diffuse in the negative y
direction as predicted by Eq. 32, since there is no such mech-
anism in the original Eqgs. 17 and 18. However, the smearing
shown in Figure 3, which is due to downstream separation, is
accurately described by Eq. 32.
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For x small, as we have assumed in deriving Eq. 32, and
after an initial transient of 7 ~ O(y™ 1), a front is established
which travels downstream with unit velocity in the y—+
space. The actual front travels at a speed of U, of Eq. 10 in
reality. We hence get on a Lagrangian frame which moves
with the front such that Eq. 32 becomes

du 3% (33)
—=—+ ye"
or (?yz X

Far behind the front, the solid temperature v should ap-
proach the inlet gas temperature u = 0 since it has had time
to equilibrate, whereas far in front the solid temperature re-
mains at the initial value of — 7. Hence, the appropriate
boundary conditions for the above diffusion-reaction equa-
tion are

Lim v=0

yo -

Lim v=—1q 34)

y ot

For small y, the reaction term is unimportant initially and
one has a simple diffusion problem from a step function in
the Langrangian frame. This apparent diffusion creates a
thermal diffusion boundary layer of thickness y ~ 0Qy1), as
shown in Figure 3. This diffusion boundary layer removes the
possibility of igniting right behind the front y =0~ in the
Lagrangian frame as in Figure 2 for the case of infinitely fast
interphase communication. Ignition will instead occur at a
point y;, <0 behind the diffusive boundary layer and hence
requires a longer time, since the new ignition point y;, has
not been in the converter as long as the point y=0", as
shown in Figure 3. Since the ignition at y;, is very localized,
away from a small neighborhood of y;, the solid temperature
v evolves as if there was no reaction. It is hence possible to
estimate y,, and 7;, by reducing v in Eq. 33 by the diffusion
solution vy, in the Lagrangian frame

ay %y
U 20 (35)
aT ay
U()( —OO) =0 (36)
which yields the familiar solution:
n
UO(§)=—5[1+erf(§)] (38)

where £ = y/2Vr and erf(&) = 2/ [{e~*d x. This diffused
profile caused by Taylor-Aris dispersion has an appreciable
gradient only within the thermal boundary layer of thickness
2V7. Temperature v within the thermal boundary layer has
been reduced to values significantly below zero by dispersion
such that ignition can never take place within it. Conse-
quently, |y,| > 27 ~O(x™¥?) and we can expand Eq. 38
at larger y or ¢. [We shall demonstrate that y;, ~
O(x~ *1n x|”*)> O( x~V?).] This can be done most con-
veniently by reducing v of Eq. 33 with respect to v, v, = v~
v,- Since ignition will take place in the heated region behind
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the thermal boundary layer when v, is increased from zero to
an order unity quantity, the spatial thermal gradient ¢%v,/3y”
is of order y[ln XI*’, which is smaller than the reaction term
of order y. This is in contrast to the thermal diffusion
boundary layer region where 32u,/9y? is of order ny, much
larger than the reaction term of order ye™". We hence omit
dispersion in the reduced equation to obtain:

dv, N
_d; = ye'v" " (39)

which shows how the monolith just outside the boundary layer
ignites from the diffused profile of Eq. 38. In essence, it is a
competition between ignition and the encroaching boundary
layer. We follow the temperature evolution of a point y <0
behind the shock at y = 0. This point entered the monolith at

7= —y and we shall estimate the time it ignites by integrat-
ing Eq. 39
« dv Tin
[ =r=1=x[ “enour (40)
0 e -y

which defines 7,,(y) implicitly. Note that, strictly speaking, v,
cannot go to infinity since it would then induce an infinite
spatial gradient at y and hence violate our assumptions of
negligible gradient for v, in Eq. 39. However, as was in the
case of Eq. 11 and Figure 2, the exponential in the integrand
on the left of Eq. 40 allows us to replace the order unity
ignition temperature by infinity without significant error.
Expanding Eq. 38 for large ¢, we get

27 ) 212 120
vo(‘_f)~§ﬁe-f/“1—?+?__§T

+...1 (4D

whose oscillating signs yicld a very slowly converging scries.
Nevertheless, we retain only the leading-order term for sim-
plicity and, approximating e¢** in Eq. 40 by 1+ v, obtain

2/4

4772 7; e_é
Iyt yfy/ : dé¢ (42)

T~ X Y=
* Vo Jyey o €

Since —y ~ Oy Y?In x|¥?) from earlier estimates while
g~ O(x™ '), we can replace the lower limit of the above
integral by —oc. In the limit of y/ V Tig approaching infinity,
the integral can be estimated to yield, as y approaches zero

-5
e ~x oy L) e
g I )

T

which yields the ignition temperature as a function of y, the
distance behind the front. Ignition takes place at y;, where
7ig(¥) exhibits a minimum. An estimate of y;, can be ob-
tained by taking the derivative of Eq. 43 to obtain:

Yig~ —2x2In Cx V) + V2 (44)
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Figure 4. Ignition time from numerical integration of
Egs. 5 and 6 vs. smallX analytical prediction
of Eq. 45.

The 7 values are 2 (@), 4 (W), 8 (a), 12 (@), and the curves
are the analytical results.

where c¢ is estimated to be —In2 numerically. Hence, at small
X |yl is of order x~"?|In x!¥? which is larger than the
O( x~V?) width of the thermal boundary layer as we claimed
earlier. Substituting Eq. 44 into Eq. 43, we obtain a leading
order estimate of the ignition time at small x:

(Tig/Tf;) = (t,-g/tf;) =T X = 1 +2\/;|ln (\/;/217)“/2 (45)

The awkward y dependence is a result of expanding the erf
function of the diffusion profile ;. It is clear that at small y,
ignition takes place a small distance y;, just behind the thin
thermal boundary layer at the front. We hence refer to this
small y ignition as downstream ignition since it occurs near
the shock front which has propagated significantly down-
stream from the inlet. Remarkably, estimate (Eg. 45) is found
to be accurate to within 5% of the simulated result from Egs.
17 and 18 for y < 0.3 for all n larger than 2.0 as can be seen
in Figure 4.

Fast Reaction Limit ( X ~ 1)

As y increases, Eq. 44 suggests that the ignition point
moves far upstream such that it actually takes place at the
leading edge of the monolith. This occurs when the reaction
rate is fast such that y is large and the reaction has pro-
gressed significantly before the Taylor-Aris dispersion has
developed. The latter requires time 6 of O(1) as is evident
from the eigenvalue —1 of Eq. 27 at large y. In this limit, the
large-time asymptotic behavior (Eq. 28) becomes invalid and
ignition has already taken place before Eq. 32 becomes valid
because of the poor interphase communication. We are hence
interested in the dynamics before the solid and gas tempera-
tures equilibrate. At this large-y limit of weak interphase in-
teraction, the gas temperature cools off only slightly down-
stream before the ignition occurs. The solid temperature does
not follow the gas temperature adiabatically as in Eq. 30 of
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Figure 5. Large-X solid (—) and gas (----) tempera-

ture evolution for X =1.45 and n=10.12 at (t/
tx)=1.0 in 5a and 5.0 in 5b.

The ignition occurs at (i/17,)=5.4.

the smali-y mechanism. Due to the small interphase interac-
tion and the slow decay of the gas temperature downstream,
the leading-edge solid temperature is heated more than any
point downstream and ignition occurs at the leading edge of
the monolith. As the solid temperature rises prior to ignition,
it can exceed the gas temperature at the leading edge as
shown in Figure 5. This further affects the ignition time and
its estimate must be carried out with a different asymptotic
analysis.

At this large y limit of fast reaction, the dynamics is domi-
nated by the reaction term and the characteristic time should
be £ and the characteristic length for the gas phase £, =
L.. In terms of Eq. 18, a balance of the time evolution term
with the reaction term that drives it shows that 7 ~ x ~'which
is equivalent to ¢ ~ 7. We hence define a new dimensionless
time 7 = Ty = 6x/y where @ is the dimensionless time for the
small-y limit in Eqgs. 23 and 24. The characteristic length L,
was used in the definition of the dimensionless coordinate z
in the same equations and we retain it here. It corresponds
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to a much shorter physical length here. Hence, in the large-x
limit, the appropriate equations are

la—l_A:){‘(u——u)—ﬁ

y dt 9z
ov -1 v
=X (u—v)+e

The first equation shows that, to leading order for y large,
du/dz vanishes within the leading-edge boundary layer of
width L. Hence, u =0 due to the boundary condition (Eq.
19). The poor interphase communication has not removed
much of the gas thermal energy within this leading edge
boundary layer. Consequently, the front-edge solid tempera-
ture can be described by Eq. 18 in the original variables

adu
—=yxe'—v v(0)=-7n
oT

(46)
and a slow heating of the leading edge takes place until igni-
tion occurs. Note that unlike the small-y slow reaction limit,
there is no equilibration between the temperature of the two
phases and an effective equation cannot be written. How-
ever, the large capacitance ratio y allows us to ignore the
dynamics of the gas phase and the short L, allows us to ne-
glect any gas-phase gradient. As a result, only homogeneous
solid thermal dynamics need to be considered and explicit
dependence on y again disappears in this large-y limit, al-
though the remaining two parameters y and n depend on y
mmplicitly. It is a simple matter to estimate the ignition time
by integrating Eq. 46 to yield

Tig i = dv
TeX= L= =) o 47
Tig tig -n€ = U/X
This integral becomes singular for y less than
x.=¢"! (48)

This is a good demarcation point for the validity of the
present large x analysis. For xy —, Eq. 47 indicates that 7,
is of order xy~' as is consistent with our scaling, or equiva-
lently, #;,/t;; approaches a constant e” which is dependent
on the prcheating 7. Hence, unlike the small y asymptote,
the large x asymptote for (,,/¢) is sensitive to preheating.
The function (z,,/f;) hence blows up at x =e~ !, decays very
rapidly to a minimum at a slightly larger y, and approaches
the asymptote e” very slowly as shown in Figure 6. Most real-
istic large y monoliths, however, operate in the slowly vary-
ing region between the minimum and the e” asymptote where
x ~ O(1). We can obtain an accurate analytical estimate for
this region even though our equation is strictly valid only for
large y. This is possible when 7 is large. Expanding Eq. 47 in
7, one obtains

for 1< y<mne” (49

d [ty 1 X
dni\ty] e "+n/x 7m
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Figure 6. Comparison of computed ignition time at the

leading edge n =2 (@), 4 (m), 8 (a), 12 (¢)
to the analytical prediction of Eq. 51 in solid
curve.

Note that the leading edge never ignites for y < y,=e " ".

Integrating once, one obtains

(/1) ~ x Inn+ f(x) (50)

provided y is not too large. We find numerically that f( y) is
a linear function of y in the intermediate region between the
minimum near e~ ! and the constant at e”. This is evident in
Figure 6. Numerically expanding f( y) near y =1.0, one ob-
tains

(1,/17) = 2.50+ (Inn ~0.344) (51)

which is within 5% of Eq. 47 for the large region of 1.0 < y
< 4.0 and 2.0 <% < 10.0 where most large-y (heated) mono-
liths operate.

For n <1, (¢;,/t;;) does not approach a minimum and it
can be estimated with a large x expansion of Eq. 47 to yield

e"?
(tig/t?;)::en[l—z;(zn*l)} (52)

This is accurate within 10% for n <1.0 and 1.0 < y < 4.0.
The accuracy of Eqs. 45 and 51 for the case of n =7.59,
corresponding to the standard condition, is demonstrated in
Figure 7 over three decades of y! The numerical result is
obtained by integrating Eqs. 16 and 17 with an implicit
finite-difference scheme. The demarcation between down-
stream ignition and leading-edge ignition is represented by
the discontinuity of the slope of ¢, /t7; at x ~ 0.4, close to
X. = e ! of Eq. 48. The transition from the downstream low-y
mechanism to the leading edge large-y mechanism as y in-
creases through e~ ' is also evident in Figure 8 which depicts
the ignition location Ly, as a function of y. A rapid decay to
very small values of L, occurs at y ~ 0.5, close to the transi-
tion value of e™'. We shall use these accuratc estimates of Ly
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Figure 7. Ignition time as a function of X for the stan-
dard value of n =7.59.

Numerical computation (@), analytical prediction of Eq. 45
( ), that of Eq. 51 (———-). The demarcation between
the small-y and large-x mechanisms are at y, ~e ' Anin-
flection point appears in the computed value at this point.

to design a fast igniting catalytic converter in the next sec-
tion. We first note, however, that the analysis in this section
is carried out at the leading edge because that is where the
ignition takes place before the Taylor-Aris dispersion devel-
ops in the channels. After the ignition, when the heat-releas-
ing reactants have been depleted, the heating of the entire
monolith by the thermal front (established at the leading edge
by the ignition) is still affected by Taylor-Aris dispersion. In
essence, Egs. 31 or 32 without the reaction term governs the
front propagation long after the ignition and downstream
from the leading edge. The effective dispersion of this front
propagation phenomenon is still given by Eq. 14 and the front
speed by U, of Eq. 10.

0.8

i
G2

0.6

Il
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0.2

0.0 L s aaa
.01 1

10
Figure 8. Computed ignition point as a function of X for
the standard value of n = 7.59.

The transition to leading-edge large-y mechanism occurs at
about y, ~e L.
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Table 2. Comparison to Oh and Cavendish’s Simulations

Dependence of Parameters on Tgin and n
AT =T (T, e=I1 —2Azyn I
n=mn+ BAT
X = xo€ P2 (no /(L") /T 0432
li =(ti°;)0e‘BAT(l —ey(1—¢)

T;" =600 K | Oh and Cavendish Eq. 45 7 =759
n Ly Lig /t;; Ly Ly /ti’; 1118 X
31 cells/cm? 42s 2.96 38s 2.65 142s | 0197
46.5 std. 46 2.69 41 2.40 17.1 0.131
93 56 240 474 2.04 23.3 0.066
T,» =700 K | Oh and Cavendish Eq. 51 n=10.12
n ty tig/tf; lig Lo/t tfg X
31 cells/em? | 10.0s 8.8 77s | 68 1.13s | 2.18
46.5 std. 9.8 7.2 7.3 5.4 1.36 1.45
93 9.5 5.1 7.3 7.3 1.86 0.73

Optimal Design of a Catalytic Converter System

In the previous two sections, we have compared our analyt-
ical theories to the model Egs. 5 and 6 or their dimensionless
version Eqs. 17 and 18. However, Egs. 5 and 6 have been
derived with two major approximations, the omission of reac-
tant consumption and the zeroth-order kinetic approximation
of Eq. 4 and Figure 1. A more stringent comparison would be
to test them against the full model of Oh and Cavendish.
This quantitative comparison is also instructive because many
of their observations can be faithfully interpreted by the cur-
rent theory.

Using their standard conditions listed in Table 1 here,
which corresponds to a standard catalytic converter in the
benchmark step-change cold start test, we obtain the values
xX= 0.13 and L, =14.7 cm and, from Figure 8§, Ly,= 13.2 cm.
This indicates that the standard monolith in the base case
ignites by the small-y mechanism downstream. In fact, from
our theory, the earliest ignition would occur just beyond the
end of the 10 cm long monolith! In reality, of course, the
ignition will take place exactly at the end of the monolith and
our prediction of #;, should be lower than that resulting from
the simulations of Oh and Cavendish since L < L;,. Ignition
at the monolith exit for the standard condition is clearly ob-
served in the simulation result in Figure 1 of Oh and
Cavendish (1982) and their simulated ignition time of 46 s is
about 10% higher than our predicted value of 41 s from Eq.
45 (Table 2). We have identified the ignition point in their
simulations as where the plot of CO conversion vs. time
reaches an inflection point. In Oh and Cavendish’s simula-
tion, this downstream ignition is followed by a slow creep of
the thermal front towards the front. This front propagation is
mostly through thermal conduction in the solid. From the
classical theories of flame propagation (Zeldovich et al., 1985)
and the most recent study of front propagation in a catalytic
converter by Please et al. (1994), thermal front propagation
scales as \/ai if all other conditions are the same. As men-
tioned earlier, the apparent thermal diffusion in Eq. 14, due
to the Taylor-Aris mechanism, is strictly a downstream mech-
anism and it does not accelerate upstream front propagation.
This front propagation phenomenon is beyond our ignition
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theory due to the omission of reactant consumption. How-
ever, for the standard conditions, Oh and Cavendish ob-
served that 250 s is required after ignition for the thermal
front to propagate over the entire monolith and hence ignite
the entire converter.

A much different behavior is encountered if the converter
ignites by the large-y mechanism. In this case ignition occurs
at the leading edge and, due to their relatively high reaction
rates at elevated temperatures, CO and H, are entirely con-
sumed in the first few centimeters of the monolith. Since these
gases provide the only significant source of heat, the heating
of the rest of the converter essentially corresponds to a ther-
mal front propagation problem without reaction, in which the
gases entering the remainder of the converter are at the adia-
batic reaction temperature of 900 K. (Without reaction, the y
term vanishes in Eqgs. 26 and 27 even if the ignition took place
by the large-y mechanism at the leading edge. In other words,
Egs. 29 or 32 without the reaction term remain valid away
from the leading edge if there is no reaction.) This front will
propagate with a speed U,; thus, the time to heat the rest of
the monolith will be on the order of L/U, which, for the
standard conditions listed in Table 1, is approximately 12 s.
Taylor-Aris dispersion will increase this slightly due to a
smearing out of the thermal front, but the entire monolith
should be at reaction temperature approximately 15 s after
leading edge ignition. Although CO and H,, the two fastest
reactions, are almost completely consumed soon after light
off within a small area of the monolith at ¢ =t;,, the conver-
sion of C;H, and most appreciably, CH, and NO, require
the ignition of the entire monolith. This is why monoliths are
typically designed to be 10 cm or more in length. Conse-
quently, although our theory predicts a longer ¢, for the
large-y mechanism if £, is held constant (Figure 7, for cxam-
ple), it is far more efficient to ignite the converter at the
leading edge with the large-y mechanism. The standard cat-
alytic converter in the benchmark test is hence poorly de-
signed in the sense that the ignition location is behind the
monolith and the small-y mechanism requires a long front
propagation time of 250 s. This is the key reason why it has
such a poor startup performance.

Nevertheless, much of the effects of the new conditions Oh
and Cavendish imposed on the standard converter can now
be understood. For example, the ignition length of a con-
verter with infinitely fast interphase communication L. can
be written as

B W,(c,),

L.= T (53)

where W, = p,Ue is the superficial gas mass velocity. The key
parameter y, on the other hand, can be written as in Eq. 16.

aye 11 ABa’ (51)
X Ujflf; 48 a,e(pc,),

which is indcpendent of the gas flow. This is an important
result due to the fact Taylor-Aris dispersion o scales as the
velocity squared. It implies that we can alter the gas velocity
without changing the value of y or the ignition time—an
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important freedom in the design of a fast-igniting converter
that minimizes the length of a converter. Hence, from Eq. 53,
the ignition location scales as W, and for the standard condi-
tion, L;, =13.2 cm. Any increase in the mass-flow rate will
place the ignition point so far outside the monolith that igni-
tion will never occur. This is clearly seen in Oh and
Cavendish’s simulation when the mass-flow rate is increased
from 40 g/s to 60 g/s. This is another danger of small-y igni-
tion with L_ very close to the actual monolith length L. Slight
increases in the gas flow or decreases in the feed tempera-
ture will significantly lengthen the ignition time!

The most conclusive comparison to Oh and Cavendish’s
simulation are the opposite effects of cell density n at the
standard feed temperature of Tgi“ = 600 K and the preheated
condition of T," =700 K. They varied the cell density while
holding the wall thickness 2Az of the square channels con-
stant, and hence the void fraction varies with n according to

e=[1-2Az/nT (55)

Since a’ = e/4n for squarc channels, the dependence of y
on n with Az constant can be derived from Eq. 54

11 AB

=— (56)
192 nk,

X

where k, is the gas conductivity. Hence, increasing n with
Az constant decreases y and e, but increases tf;. In essence,
increasing the cell density increases the solid heat capacity
(1— €)X pc,), and hence increases the homogeneous ignition
time ¢, because it requires more heat to raise the solid tem-
perature. On the other hand, it also decreases the channel
radius @ and hence increases interphase communication or,
equivalently, decreases Taylor-Aris dispersion «.; of Eq. 14.
From Eq. 45, it is clear that for the small-y mechanism where
the effect of y on lig is minimal, the effect on tf;, dominates
and the actual ignition time should increase with n. This is
exactly what was observed by Oh and Cavendish (1982). More
impressively, our prediction of ¢;, and (¢,,/¢;,) from Eq. 45 is
within 15% of his computed values as shown in Table 2! The
simple design Eq. 45 is accurate even when # is varied by as
much as 100% from the standard. This suggests the omission
of reactant consumption and the zero-order kinetics approxi-
mation arc good assumptions for the ignition phecnomenon.
A more stringent comparison is against their simulations
for the converter when preheating is used to raise Tgin to 700
K. From Figure 1, it is clear that our zeroth-order kinetics is
expanded about the standard condition of 600 K and it over-
predicts the reaction rate by as much as 20% near 700 K.
One hence expects a comparable under prediction of 1, Pre-
heating affects #;, n and . Some simple algebra shows that
a AT increase in the T," from the standard 600 K increases
X, but decreases ¢, by the same factor of ¢*™® and increases
n by BAT as shown in Table 2. There is an additional influ-
ence on y due to the temperature dependence of the gas
conductivity k,. Consequently for a preheating of AT =100
K, x increases from 0.13 of the standard condition to 1.45.
As a result, a preheated converter with AT = 100 K ignites by
the completely different large-y mechanism at the leading
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edge. The ignition time is now governed by Eq. 51. Since £

scales as yn while x scales as n~ !, Eq. 51 indicates that the
effect of n at Tg‘“ =700 K depends on the magnitude of the
two terms on the right of Eq. 51 for the preheated reference
condition of n=46.5 and n=10.12 (Table 2). Since the sec-
ond term (3.81) is larger than the first (2.50), the x term
dominates and increasing n should decrease x and also tigs
opposite of the standard case of Tg‘n = 600 K. This opposite
trend of increasing n is confirmed by Oh and Cavendish’s
simulation results reproduced in Table 2. In fact, a simple
calculation yields that this reversal of the effect of increasing
n begins at BAT = 2.27 or a prcheating of 90 K. Belongi“ =
690 K, increasing n increases the ignition time #;, while above
690 K, it decreases the ignition time. The latter occurs be-
cause at the large-y limit, the effect of n on interphase
transport through the pore radius as measured by y is more
pronounced than the effect on the homogeneous reaction
time through the solid heat capacity. Quantitatively, Eq. 51
also yields predictions of ¢, that are no more than 30% be-
low Oh and Cavendish’s simulation result. This is quite satis-
factory because the reaction rate is known to be overpre-
dicted by 20% near 700 K. In fact, if we refit the kinetics by
expanding about 700 K instead of 600 K to obtain g =0.0209
and A =2.10 J/s:cm®, n now becomes 8.36 and ¢ = (1.60,
1.90,2.63 s) and y =(1.54, 1.02, 0.51), respectively, for n =31,

46.5 and 93 cells /om? at T"‘ = 700 K. Using these values and
Eq. 51, we obtain £, = (8. 4 8.3,9.05) or (¢, /t7,) = (5.25, 4.37,
3.42) which are w1thm 20% of Oh and Cavendish’s simulation
results in Table 2. The remaining discrepancy is likely due to
neglecting mass-transfer resistance when calculating the reac-
tion rate. This is much more significant for the preheated
case, as the overall reaction rate is much higher under these
conditions.

We now consider alternatives other than preheating to ac-
celerate the ignition process. From our arguments on thermal
front propagation, it is clear we want the catalytic converter
to ignite at the leading edge by the large y mechanism. Con-
sequently, y needs to be raised from its standard value of
0.13 to above 0.5. However, increasing y increases (tlg/t ) as
shown in Figure 7 and one must also reduce ¢, to make fig
smaller than the current 46 s. There are several possible ways
to achieve this other than preheating. One is to increase the
void fraction since t!g scales as (1 — €) as seen in Eq. 12 while
x scales as e~ ! as in Eq. 54. However, even with the most
porous metal converter supports that have been suggested, €
cannot be increased significantly beyond the current 0.68.
Another is to increase catalyst loading, viz. increase A, since
x scales as A while r; scales as A~ However to reach y =
0.5, one would need four times the current catalyst loading
while ¢, now calculated by Eq. 51 using a ¢ that is four
times smaller, is still at a relatively large value of 15 s. Using
metal converters to lower the solid heat capacity is also not
promising. They do not provide a lower ( pc,); and the solid
fraction (1-— €) can only be reduced by at most a factor of 3
for similar cell densities unless very thin and structurally un-
stable foils are used. This is not quite sufficient to raise y to
above x,. Another poor idea is to increase the solid thermal
diffusivity e, with a metal substrate. The highest realistic a;
is for a stainless steel substrate with a; = 0.6 cm®/s. This is
still significantly lower than a.; of the Taylor-Aris mecha-
nism and hence does not contribute to the ignition process as

AIChE Journal August 1995

Oh and Cavendish have observed from their simulation. An
increased a, will accelerate the upstream front propagation
of the small-y mechanism by a factor of y/a,. However,
purely convective downstream thermal front propagation of
the large-y mechanism remains much faster. It should also
be clear from Table 2 that reducing » within the realistic
limits cannot increase y significantly. We hence conclude that
the most expedient way of increasing x to beyond yx. to
achieve leading-edge ignition and also decreasing f;, is to
preheat the current converter. A preheat of AT =100 K will
reduce ¢, from 46 s to 9.8 s while the front propagation time
will be reduced from 250 s to 15 s. It is actually unnecessary
to change the current converter if preheating of 100 K is
achievable and the above ignition times are acceptable.

Preheating by an electric heater remains unattractive, how-
ever, because of the required battery. Hence we use our the-
ory to design an igniter to preheat the current converter
without any electric heating. In the design of the igniter, our
sole purpose is to increase the Tgi" to the current converter
by preheating. It is unnecessary to ignite the entire monolith
of the igniter since the igniter is not intended as a catalytic
converter, As such, we are not concerned about the thermal
front propagation factor and design our igniter for the faster
small-y ignition mechanism. Consequently, many improve-
ment options that proved unsuitable for the converter be-
cause they decrease y as well as ¢ are actually viable for the
igniter. We begin by using a commercial Celcor monolith
(Gulati et al., 1990) with the lowest solid heat capacity (1 -
) pc,), which is a factor of 2.35 below the standard value. It
has a cell density n = 62 cells/cm?, higher than the standard
46.5. If we now introduce a catalyst loading three times the
standard value on this monolith, we lower 77 by a factor of
2.35%X3 or tf; =242 s. The y value, on the other hand, is
increased by a factor of 3(46.5/62) to 0.293. This is still below
x. and Eq. 45 yields a prediction of (¢,,/£;;) = 2.98 ot £;, = 7.2
s. More porous metal monoliths or higher cell densities can
reduce the ¢;, of this igniter to even lower values.

It is highly undesirable to use an entire monolith with three
times the catalyst loading of the standard converter as an ig-
niter due to high catalyst costs. Fortunately, the inlet gas
temperature to the converter need only be raised to 7;,“‘ =700
K while the gas temperature leaving the igniter is at the adia-
batic temperature of 900 K. Consequently, 2/3 of the exhaust
can be safely bypassed around the igniter. This bypass does
not affect the values of 5, x and tiz estimated above as is
evident from Egs. 12, 21 and 54 since all of them are inde-
pendent of the gas velocity—the ignition time #, is hence
unaffected. However, from Eq. 53 it reduces by a factor of 3
the L., that has already been reduced by a factor of 3 from
the standard due to the increased loading. This yields an L.
of (14.7/9) = 1.6 cm. From Figure 8§, L, for the given y value
of 0.293 is then 1.1 cm. If we assign an igniter length of 2 cm
to allow for a possible two-fold increase in the standard
mass-flow rate which can result, for example, from an ex-

tremely fast acceleration from cold start (a typical heavy load
is only W = 64 g/s) the igniter is still only 1/5 of the length of

the converter. Hence, even with 3 times the catalyst loading,
the amount of catalyst in the igniter is only 60% of the total
in the converter. Obviously, if modern metal monoliths with
low solid heat capacities and high void fraction can be safely
used as the igniter, the loading can be reduced even further.
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Figure 9. Fast-igniting converter system with an igniter
upstream of a standard ceramic monolith.

The bypass is designed to allow for 2/3 of the exhaust. The
igniter is shorter than the standard monolith but with a
higher catalyst loading per unit volume. The igniter can be
switched off after light off by bypassing ail the exhaust.

Heat loss from the gas between the igniter and the converter
is negligible due to the large gas velocity U. This offers the
attractive installation advantage of leaving the current con-
verter intact and simply placing the igniter in the exhaust pipe
upstream, as shown in Figure 9 where the bypass is designed
to allow 2/3 of the exhaust to bypass the igniter. The addi-
tional pressure drop introduced by the igniter is also only
about 10% of the converter itself, and hence is negligible.

With the above igniter design, the igniter lights off in about
7 s and T;“ to the converter is raised to 700 K at that mo-
ment. {The adiabatic temperature rise is 300 K but, due to
the 2/3 bypass, the gas temperature reaching the converter is
at 700 K.) During that 7 s, however, the leading edge of the
catalytic converter has already been raised from 300 K to 500
K. (The cold igniter also cools the exhaust from 600 to 500 K
before it ignites.) Since ignition at Tg‘" =700 K takes place by
the large-y mechanism at the leading edge, the ignition actu-
ally takes place from 500 K and not 300 K. As a result, igni-
tion time of the converter after the igniter has lighted off is
significantly lower than the 9.8 s in Table 2. If we use 500 K
as T, n is now reduced to 0.0253(700 —500) = 5.06 instead
of the 10.12 in Table 2. The values of x and ¢ for the con-
verter are independent of T and remain at the values of
1.45 and 1.36 s at Tgi“ =700 K. Figure 6 shows that, at these
n and y values, Eq. 51 is still an accurate estimate of /;, and
we obtain a converter ignition time of 5.9 s. This is verified in
Figure 10 where simulation of Egs. 5 and 6 with Tgi“ =500 K
for 7 s is increased to 700 K. Ignition occurs in about 6 s after
the second increase in Tgi". Note that the partial consumption
of CO and H, by the igniter actually increases the reaction
rate in the converter due to the poisoning effects of the CO.
This effect has not been accounted for in the above simula-
tion, and should reduce the ignition time by a further 10%.

It is then clear the igniter lights off in about 7 s in the
above design and the downstream converter lights off in ap-
proximately 6 s after that. The total of 13 s is about 25% of
the current ignition time of 46 s and hence should reduce the
fast-burning CO and H, emissions by 75%. The other pollu-
tants, NO and CH,, require heating the entire catalytic
monolith to reaction temperatures and hence must await the
thermal front propagation. We also reduce this time from 250
s to about 15 s since the converter now ignites at the leading
edge by the large-y mechanism due to preheating by the ig-
niter. There should hence be approximately a 90% reduction
in these emissions as well. Additional improvements in this
performance may be possible since the catalyst of the igniter
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Figure 10. Solid temperature evolution at the leading
edge of the converter in Figure 9.

The igniter upstream lights off in 7 s or 0.38 in the dimen-
sionless time units. The converter has already been heated
to 500 K at this point and it continues to be heated by the
heated exhaust from the igniter such that ignition occurs
at 13.0 s (0.76 dimensionless time). The conditions are y,
=0.13, T =300 K and 7,;" = 500 K for dimensionless time
less than (.38 and 700 K after that.

need only oxidize CO and H,; reduction of NO is not re-
quired. The catalyst can therefore be simplified, which may
improve reaction kinetics during the critical cold start period.
Note that the igniter can also be switched out of the exhaust
stream after ignition to improve the life of the catalyst in the
igniter and possibly permit the usc of lighter weight metal
monoliths.

Summary and Discussion

We have used the zero-order kinetics approximation and
asymptotic analysis to derive the analytical estimates of the
ignition time in Eqgs. 45, 51 and the less useful version of Eq.
52. They are shown to be quite accurate over the conditions
of most step-response converters although the kinetic param-
eters A and 8 may need to be reevaluated to obtain a more
accurate value of #; for Tgiln significantly higher than the
standard 600°K. The analysis also reveals the two distinct
mechanisms for ignition, a fast downstream ignition at small
x with high interphase interaction and a slow leading-edge
ignition at large y with low interphase coupling. Thermal
front propagation considerations stipulate that the converter
should ignite by the large-xy mechanism and, to significantly
reduce f,, preheating to Tgin =700 K is the only viable op-
tion. Instead of using an electric heater for preheating, we
design an efficient igniter upstream of the current monolith
that promises to light off the converter in 13 s. We design the
igniter to ignite in the low-y region and use our analysis to
minimize the catalyst loading in the igniter such that only
60% of the catalyst in the converter is required in the igniter.
The pressure drop introduced by the igniter is only about
10% of the standard converter itself, and hence is negligible.

With better monoliths and more efficient experimentation,
we should be able to design an even better igniter. Detailed
designs should include a three-dimensional model and radia-
tive heat-transfer effects (Chen et al., 1988; Zygourakis, 1989;
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gourakis, 1989; Lee and Aris, 1977). However, the two igni-
tion mechanisms revealed in our study should still exist with
the inclusion of these effects. Even the simple design equa-
tions offered by our asymptotic analysis of the pseudo-one-di-
mensional model are still quite accurate since flow maldistri-
bution and radiation effects are not significant as far as igni-
tion is concerned, although it may establish steep thermal
fronts subsequently. For example, using conditions very simi-
lar to the standard case of Table 1 (e = 0.64 instead of 0.68
and a=0.05 cm instead of 0.06 cm) but with W =25 g/s in-
stead of 40 and Tgi" =650 K instead of 600, Chen et al. esti-
mated in their Figure 12 that a 3-D monolith reactor with
radiative heat transfer ignites at about 13 s. With twice the
catalyst loading, their Figure 11 shows the converter lights off
at 8.0 s and with one-third the loading, at about 28 s. All
results are insensitive to whether the monolith is well insu-
lated or whether flow maldistribution exists. The mass-flow
W has no effect on r;, since y, 5 and ¢, are all independent
of W as seen in Eqs. 54, 21 and 12. The only significant change
is the increase of Tgin from 600 to 650 K which changes 7 to
8.86, x to 0.327 and 73, to 3.45 according to the formulae in
Table 2 with AT =50 K. Using Eq. 45, this yields (r,,/27) =
3.12 or t;,, =10.7 s which is very close to Chen et al’s 13 s.
The doubling and trisecting of the catalyst loading changes yx
proportionally to 0.653 and 0.11 and £, to 1.72 and 10.35,
respectively. Application of Egs. 51 and 45, respectively, again
yields £, =6.3 s and 24 s which compare well with Chen et
al.’s numerical values of 8.0 and 28 s. Madifications of 8 and
A to more closely correspond to the kinetics in the vicinity of
650 K should further improve the agreement. The insensitiv-
ity of 1, to W is also clearly shown in their Figure 14. It is
impressive that our simple analytical formulae can predict the
ignition time of a complex three-dimensional model with ra-
diation to within 20%! The insensitivity to W is why flow
maldistribution is unimportant as far as ¢, is concerned. The
ignition location will, of course, be affected by the flow veloc-
ity in each pore channel. Radiative flow maldistribution and
transverse dependence should, however, be more important
in the propagation of the thermal front following ignition.
The thermal front now needs to propagate in the radial di-
rection and flow maldistribution and radiative heat transfer
will also affect the speed of the thermal front. Nevertheless,
the advantage of igniting near the entrance at large y should
still hold and our analytical theory should prove invaluable in
the detailed design of a fast-igniting converter even if one
deviates from the concept of an upstream igniter.

A particular concern for actual converter design is the con-
stantly-varying conditions in a real startup that deviates from
the current step-change standard test. Another is the poison-
ing of the highly loaded igniter. Once deactivated, the igniter
actually acts as a heat sink and is extremely undesirable. Sev-
eral possible solutions come to mind. Since the igniter only
serves to extract heat from the exhaust and is not intended as
a catalyst, a more stable catalyst can be used which only oxi-
dizes CO or H,, the main heat sources. Another attractive
solution for both is the implementation of a controller that
controls the by-pass such that large-y ignition always occurs
in the main converter even for highly transient startup condi-
tions. The control loop can also bypass the igniter completely
after the startup to minimize igniter poisoning. This control
loop should be beneficial even if the preheating strategy is
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adopted. By preheating the igniter only, the heating require-
ment is minimized with a proper adjustment of the bypass at
any given instant. With the availability of cheap and reliable
controller chips and mass-flow meters, a “smart” exhaust sys-
tem, not unlike the fuel control system, is definitely a possi-
bility. An application of our understanding of the ignition
process from the present theory to the design of a controller
for commercial converters under realistic conditions will be
reported in a future article.
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Notation

a =pore radius
A = preexponential factor of zeroth-order kinetics
¢, =heat capacity
C, =gas-phase concentration
Alii =heats of reaction
L, =ignition point without dispersion
Ly, =diffusion length of a boundary layer induced by Taylor-Aris
dispersion
n =monolith cell density, cells/cm”
R; =reaction kinetics
t =time
£, =ignition time of a homogeneous monolith
t;; =ignition time
u =dimensionless gas temperature
U =linear gas velocity
U, = effective velocity of a solid thermal front
v =dimensionless solid temperature
W, =superficial gas mass velocity
x =spatial coordinate
y =dimensionless spatial coordinate
z =scaled spatial coordinate
Az =half-dimensional monolith wall thickness

Greck letters

a =thermal diffusivity
a.gp = effective thermal diffusivity of the solid phase due to Taylor-

Aris dispersion

B =inverse Frank-Kamenetskii temperature

v =heat capacity ratio

€ =void fraction

7 =dimensionless time

6 =scaled time

n =preheating

x =(Lp/L.Y ratio of kinetics to interphase thermal interaction
effects

Subscripts
eff = effective due to Taylor-Aris mechanism
ig =ignition
o =homogeneous or dispersionless
s =solid

Superscripts
0 =initia}

¢ =reference point
in =inlet
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Appendix: Derivation of the Heat-Transfer
Coefficient

We shall show that for Egs. 5 and 6 to yield the same Tay-
lor-Aris dispersion as a full 2-D model, with the complete
Poiseuille flow profile and radial solid temperature variation,
the heat-transfer coefficient must be of the form in Eq. 2 for
large y. Specifically, we shall show that in the limit of infinite
heat capacity ratio y and thin wall thickness Ar, the appro-
priate heat-transfer coefficient which gives rise to the same
effective diffusivity a. of the full problem corresponds to a
tube with a constant heat flux at the wall. This result can be
derived by the more conventional moments technique but is
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more conveniently derived by the recent Center Manifold
formulation (Roberts, 1989).

We begin with steady heat transfer within a tube with con-
stant wall flux g and laminar flow

r?\ oT, 1o ( a1,
2U011=— -——=a——-(r-——
a’) ox Sror\ ar
T,
r—=0 at r=0
ar
&Tg
kg—a—r~=q at r=a
2
b a r
Tg~f0 Tg2(1——;)2rdr

b_ rin -
T, =T, at x=0 (AD)
where we have defined the flow averaged bulk temperature
Tgb. It is a simple matter to show (Eagle and Ferguson, 1930)
that T ~T(r=a) is independent of x and the effective
heat-transfer coefficient is also independent of x

q 3 24 (kg) (A2)

he oo = | -£
b —
Tg—ng(r—a) 11\ a

which is the expression used in Eq. 2 in the limit of infinite y.
We note that if an isothermal condition was used at the wall,
the effective heat-transfer coefficient would be different.
We now consider the case of effective diffusivity in a tube
whose interphase heat transfer is described by a heat-transfer
coefficient. This is equivalent to deriving a.y of Eq. 14 for
Egs. 17 and 18 without the reaction term. The result has been
obtained by the Center Manifold Theory in the text and by
Balakotaiah and Chang (1994) carlier. It is simply Eq. 14

2 2
v mwa‘( pc,),
Qepr = Ue%f -
1+ 2mah

and substitution of Eq. A2 into Eq. A3 yields the effective
diffusivity if indeed the constant-flux steady heat-transfer co-
efficient can be used.

Finally, we complete the argument by demonstrating that
a. of the full problem can be represented by Eq. A3 with
Eq. A2 in place in the limit of large y and thin solid wall. We
shall derive the results with the Center Manifold Theory. To
obtain the same results as before, we use the tube radius a to
scale the radial coordinate in the gas phase but use
a( pc,),/2 pc,); to scale the Cartesian coordinate in the solid
phase. Using (a‘a,) to scale time and U(a*/a,) to scale the
axial coordinate, the governing equations become

(A3)

u Ju 1 ¢ Ju
——+2(1~r2)——=————(r-——-) (A4)
at dx r dr ar
v A d%u (AS)
ot y? ay?
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du au 0 (A6)
= —_ = A
ar‘r:ﬂ 5’y'y=v
u|,=1—u|y=9 (A7)
du 1)\&0 (A8)
[;rlr—]_ 2 ﬁy y=0

where y is the heat capacity ratio and A=(a%/a )AAr%/a,)

is the ratio of the gas and solid diffusive times. A local Carte-

sian coordinate whose origin is at the inner wall has been

imposed on the solid phase which is assumed to be thin. Ax-

ial diffusion has been neglected in both phases as before.
Equations A4 and AS can be written as

LA A (A9
FrERe i
where
(2]
W=
v
1 ﬂ( d )
- p— 0
r dr\ dr
£= 0 A 32
vZ dy?
_{20-+%)
=257
We define the inner product
(w w)——l—‘[lfluurdrwkfyuud] (A1)
W2 T+y "L 2 , U102 Ly
and the self-adjoint eigenvalue problem
Lh, = A, (A11)

whose eigenfunction satisfies the boundary conditions A6 to
A8, we can expand w in terms of the eigenfunctions

o

wix,r,y,t) =Y a,(t,x)(r,y)

i=1

(A12)

We first note that the eigenvalue problem (A11) has a zero
eigenvalue A, =0 with eigenfunction

#=(3)

such that (¢,,¢,) = 1. Substituting Eq. A12 into Eq. A4 and
Eq. AS and taking the inner product with respect to ¢;, one
obtains the amplitude equation

(A13)

da, 1 da,

i( )&ai
+— == ) —
gt l+vy dx i=2f¢ ax

(A14)
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i

Aa, —( )é’a1 %1 (A15
= ha (gL i# 15)

Since the operator £ is self-adjoint, all the eigenvalues are
real. It is also easy to show that, except for A, all other
eigenvalues are negative. Hence, like the fast-decaying modes
of Eq. 29, the modes a; (i=2,...) also decay rapidly and the
system quickly approaches the zero mode a; whose gas and
solid temperatures are in perfect thermal equilibrium as
shown by the eigenfunction ¢; of Eq. A13. Like Eq. 30, the
adiabatic coupling of the decaying modes to a, gives rise to
the effective dispersion and a quasi-steady analysis of Eq. A15
yields

(f!¢i) 0(11
;~ — Al
a; N ox (A16)
Upon substituting this into Eq. Al4, one obtains:
da 1 da, d%a, (AIT)
gt 1+vy dx et
where
= (f’ ¢i)2
aeff = Z ]/\ | (Alg)

i=2

is the dimensionless effective diffusivity.

Rather tedious algebra is necessary to compute the eigen-
functions ¢; and the eigenvalues A;. When substituted into
Eq. AlS, the finite series can be shown to converge to a
closed-form limit. We shall omit the details here and simply
state the result. The effective equation for T, is

aT, aT, 9°T,
St + Uest T e (A19)
where
U
Ueff = m (AZO)
U%?[1 v/ 1 (1+6y+11y?)
Qegr = ) (A2D)

a, |3 (1+7)3+48 (+v)
It is interesting to note that a. is simply the sum of the
A—0 and A— limits, viz. fast diffusion in gas and solid
limits respectively. It is clear Eq. A19 agrees with Eq. 10 as is
expected for any chromatographic thermal wave speed. It is
iess obvious that as Ar approaches zero, viz. A approaches
infinity, and vy approaches infinity, Eq. A21 indicates that
dispersion is due mainly to slow gas-phase radial diffusion
which is responsible for the imperfect solid-gas thermal com-
munication

11
g ™~ Zg

- (A22)

a, |y

g

U2a2) 1
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This expansion is in agreement with Eq. A3 in the limit of
large y and when Eq. A2 and Eq. A20 have been substituted.
We have hence shown that, in the limit of small Ar (large A)
and large v, the effective thermal diffusivity in a cylinder can
be obtained by using a radially lumped model whose gas-soliu
heat-transfer coefficient is obtained from a steady, constant-
flux formulation. This is a rather unintuitive result which re-

quired a detailed analysis. How the eigenfunctions ¢; can be
obtained using the formulation of Roberts (1989) and the
summation of the series in Eq. A18 can be found in Balako-
taiah and Chang (1995).
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